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We review how reparametrization of space and time, namely the procedure where both are made
to depend on yet another parameter, can be used to formulate quantum physics in a way that
is naturally conducive to relativity. This leads us to a second quantised formulation of quantum
dynamics in which different points of spacetime represent different modes. We speculate on the
fact that our formulation can be used to model dynamics in spacetime the same way that one
models propagation of an electron through a crystal lattice in solid state physics. We comment
on the implications of this for the notion of mode entanglement as well as for the fully relativistic
Page-Wootters formulation of the wavefunction of the Universe.
PACS numbers: 03.65.-w, 03.70.+k
It is well known that the ordinary, non-relativistic,
quantum mechanics treats space and time differently.
The state of the system, which is defined for all space and
is specified at a particular instant of time, is first given
at a particular time and then evolved in time using the
Schro¨dinger equation. If the system is multipartite, then
each of the subsystems inhabits its own Hilbert Space but
the dynamics is handled in the same way. Upon second
quantisation, each point in space becomes a mode and is
assigned its own creation and annihilation operators for
the particles under consideration, while time still remains
a parameter. The state of the system is then given as the
state of all the modes at one time and is again evolved in
time using the second-quantised Schro¨dinger equation.
We have recently been investigating the possibility of
writing the state of a quantum system to include different
times on a equal footing with space [1, 2]. When differ-
ent times are assigned different Hilbert spaces (or when
they become different modes upon second quantisation
[3]), the resulting state of the system - called a pseudo-
denisty matrix - may have negative eigenvalues. This
presents a difficulty if we are to interpret them as prob-
abilities as is the case in standard quantum mechanics.
The reason for this non-positivity of the pseudo-density
matrix is the fact that temporal correlations reflect non-
commutativity of different observables, while, when it
comes to different spatial points, all observations always
commute. Of course, time is not just another dimension
like space, and the differences are expected to appear in
our description, however, one wanders if time and space
could still be “packaged” together to reflect the relativis-
tically imposed symmetries.
Here we present a way to treat both space and time
as modes, while preserving the positive character of the
overall spacetime state. This will be achieved in two
steps. First, we will rewrite the standard single parti-
cle Schro¨dinger equation in a reparametrised way so that
both space and time become functions of another pa-
rameter. The physical meaning of this parameter will
deliberately be left open in this work, although see [4]
where the parameter is interpreted as the proper time of
the particle. The resulting equation (which can be made
relativistically compliant as shown below) is then second
quantised to obtain modes as pertaining to spacetime
points, such that the assigned creation and annihilation
operators now create and annihilate particles at different
spacetime points (instead of doing so across all space and
at a given instance of time). We then interpret this as
a one dimensional chain of spacetime points, where this
single dimension corresponds to the newly introduced pa-
rameter, and the state of our system is defined on it
globally. The state then evolves, in this new parame-
ter, according to the second quantized reparametrised
Schro¨dinger equation. This is mathematically analogous
to an electron hopping between different spatial sites in
the Hubbard model, it is just that the hopping takes place
in the “fifth dimension” and the sites themselves are now
spacetime points (see e.g. [5] for the treatement of quan-
tum tunneling using the reparametrised formalism).
We first formally present the above-outlined construc-
tion and then proceed to discuss how the resulting model
could be used to explore the territory going beyond the
standard quantum mechanics and possibly incorporate
the quantum effects of the gravitational field (if there are
any such effects). The main aim of this work is to present
the formalism and point at some conceptual issues. We
will finally show that the reparametrised Schro¨dinger
equation can actually be presented in a way that dis-
penses with the need for dynamics.
We start with the standard Schro¨dinger equation for a
single particle:
i~
∂
∂t
Ψ(x, t) = H(x)Ψ(x, t) , (1)
where the system is assumed to be closed, the Hamilto-
nian time-independent, and x could represent all three
spatial dimensions. We now express both space and time
2as a function of another parameter τ , such that x = x(τ)
and t = t(τ). As far as the new parameter is concerned,
the original space and time are treated equally (though
of course, they could transform differently as is the case
in relativity). This leads to the following equation in τ
[4–6]:
i~
∂
∂τ
Ψ(x, t; τ) =
(
−i~
∂
∂t
+H(x)
)
Ψ(x, t; τ) , (2)
which has the same structure as the original equation,
but with the new Hamiltonian defined as Eˆ = −i~ ∂∂t +
H(x). This equation is equivalent to the original non-
relativistic equation, it is just that we are taking a per-
spective from the fifth dimension τ , or from a world-
line traced in spacetime. In that sense, the wavefunction
in the reparametrised equation evolves from the initial
spacetime point x0, t0 to the final spacetime point x0, t0
along a trajectory specified by the parameter τ .
The above equation can be solved using the standard
technique of separation of variables. First we assume that
Ψ(x, t; τ) = ψ(x, t)e−iEτ/~ (3)
which, when substituted into the reparametrized equa-
tion, yields:
Eψ(x, t) =
(
−i~
∂
∂t
+H(x)
)
ψ(x, t) . (4)
Since E is just a constant with units of energy that could
be absorbed into the Hamiltonian H(x) → H(x) + E,
this implies that the wavefunction ψ(x, t) obeys the usual
Schro¨dinger equation. The value of E does not have any
direct physical meaning unless it is possible to interfere
branches with different values of E. From the present
perspective, the advantage of introducing E, along with
τ , is simply to be able to treat x and t on an equal footing.
There are no obstacles to making the reparametrised
equation relativistically complient (so that it is equiva-
lent to, say, the Klein-Gordon equation for a free particle)
[7]:
i~
∂
∂τ
Ψ(x, t; τ) =
1
2m
(
∇2 −
∂2
c2∂t2
)
Ψ(x, t; τ) , (5)
where the form of the Hamiltonian is guided by the fact
that it should have the units of energy, E = pµpµ/2m
(from here on we will use the letterH for the Hamiltonian
even when reparametrised). Here pµpµ = p
0p0 − pp is
the square of the relativistic 4-momentum. This equation
is constructed so that ψ(x, t) governs a single relativistic
free particle, however, the same method could be applied
to reproduce any other desired dynamics. It can also be
made to include many particles as well as superpositions
of states with different numbers of particles (as we will
see below).
The relativistic invariance is transparent as the Hamil-
tonian is itself invariant and the state is a scalar
Ψ′(x′, t′; τ ′) = Ψ(x, t; τ). Here x′, t′ are related to x, t
through a Lorentz transformation and τ ′ = τ . The pa-
rameter τ does not transform, since it is just an arbitrary
label. Its purpose is only to encode the dynamics in what
mathematically represents a fifth dimension. (If, on the
other hand, τ is interpreted as a proper time [4], it is
then anyway a relativistic invariant).
Before we proceed with the second quantisation of the
equation (5), which would enable us to include particle
creation and annihilation proceeses, we first discuss its
solutions. Let us define the eigenstates of the square of
the 4-momentum operator:
pµpµψq(x, t) = q
2ψq(x, t) , (6)
such that they satisfy the following orthogonality condi-
tion: ∫ ∫
ψ∗q (x, t)ψr(x, t)dxdt = δqr , (7)
where δqr is the usual Kronecker delta function. In anal-
ogy with the non-relativistic case, the general solution of
the reparametrised Klein-Gordon equation can then be
written as:
Ψ(x, t; τ) =
∑
q
Aqψq(x, t)e
iq2τ/2m (8)
where Aq is just the amplitude corresponding the q-th
eigenstate whose phase factor is eiq
2τ/2m2 .
What is the physical meaning of this wavefunction? It
is simply constructed so that ψ(x, t) satisfies the Klein-
Gordon equation which means that ω2 − k2/c2 = q2.
Classically, pµpµ = E
2/c2 − p2 = m20c
2. This implies
that the value q can be interpreted as the rest mass of
the particle (times the speed of light). The above wave-
function is a superposition of different values of the mass,
which may or may not be physically accessible (just like
the overall energy may or may not be an observable in
the non-relativistic case).
In order to explore this further, let us compute the
expected value of the pµpµ operator in the above state in
eq.(8):
〈pµpµ〉 =
∫ ∫
Ψ∗(x, t; τ)
(
∇2 −
∂2
c2∂t2
)
Ψ(x, t; τ)dxdt
=
∑
q
|Aq|
2q2 =
∑
ω,k
|A(ω, k)|2(ω2 − k2/c2) . (9)
Quantumly, the classical relationship holds on average
which implies that the mass could be thought of as a
quantum operator. In fact, in addition to the position
and momentum being conjugate, here the time and fre-
quency (represented by the operator −i~∂/∂t) are also
conjugate. The quantum-classical correspondence then
follows along the lines of the Ehrenfest theorem. If the
3parameter τ is interpreted as the proper time of the par-
ticle [4], the same average relationship exists for the rel-
ativisitic equation c2t2−x2 = c2τ2. This means that the
classical relativisitc equations only hold in the classical
limit of quantum mechanics and are otherwise subject to
the quantum fluctuations due to the Heisenberg Uncer-
tainty relations. This would also imply that there are
some quantum corrections to the classical causal struc-
ture of the Minkowski spacetime but we leave this topic
unexplored here [7].
We can also proceed with defining the spacetime prop-
agator as
A(x, t;x0, t0) = 〈x, t|e
−i
pµpµ
2m τ |x0, t0〉 . (10)
This is straightforward to compute:
∫
d3kek(x−x0)e−
ik2
2m~ τ
∫
d3keω(t−t0)e−
iω2
2mc2~
τ =
(
m~
2piiτ
)3/2
e−
im(x−x0)
2
2τ ×
(
mc2~
2piiτ
)1/2
e−
im(t−t0)
2
2τ ,
and is, possibly not surprisignly, the product of the spa-
tial and the temporal propagators. There is no novelty
here other than offereing an alternative way of treating
the reparametrised dynamics.
We now focus on the main topic, namely obtain-
ing the second quantised version of the reparametrised
Schro¨dinger equation. First we promote the wavefunc-
tion into an operator: Ψˆ(x, t; τ) = ψˆ(x, t)e−iEτ/~ which
satisfies the equation H(x, t)ψ(x, t) = Eψ(x, t). We can
expand ψˆ(x, t) =
∑
n aˆn(t)ψn(x) (in the Heisenberg pic-
ture) in terms of spatial modes ψn(x) which form an or-
thonoral basis such that
∫
ψ∗n(x)ψm(x)d
3x = δnm. The
second quantised Hamiltonian is now given by
H˜ =
∫
d3xdtψˆ†(x, t)H(x, t)ψˆ(x, t)
= E
∑
n
a†nan (11)
which is simply the energy times the average number
of particles with that energy (and we have dropped the
hats).
To make the analysis more concrete and to be able
to explore some further aspects of the reparmatrized
formalism, we use the plane-wave expansion, such that
ψ(x, t) = ei(ωt−kx). Then
Ψ(x, t; τ) =
∫ ∫
A(k, ω)ei(ωt−kx)ei~(k
2−ω2/c2)τ/2md3kdω ,
where the state is always normalised so that∫
|Ψ(x, t; τ)|2dxdt = 1 for every τ . This simply
represents the fact that the particle has to exist at
every point of the parametrisation. The quantity
|Ψ(x, t; τ)|2dxdt is therefore the probability that the
particle occupies an infinitesimal volume surrounding
the spacetime point (x, t) and it is by definition a
positive quantity, just like in standard quantum theory.
This clearly demonstrates that it is possible to obtain
a wavefunction that represents a state spreading across
both space and time.
Interestingly, the Fourier transform (in τ) of the above
state is given by [9]
Φ(x, t;µ) =
∫ +∞
−∞
dτΨ(x, t; τ)eiµτ
=
∫
d3kdωA(k, ω)ei(ωt−kx)δ(k2 − ω2/c2 + µ)
which is simply a state with a well defined mass k2 =
ω2/c2 − µ and so µ = q2. The Fourier transform there-
fore serves as a way of ensuring the sharpness of the mass.
The above shows us how a relativistically invarient state
can be written with the additional on the mass shell con-
dition.
The second quantization can now be performed with
these states (see also [10]). The wavefunction Ψ(x, t; τ)
becomes a quantum field expanded in terms of (now the
operator) ψ(x, t) which is to be interpreted as the annihi-
lation operator for a particle at the spacetime point (x, t).
Also, ψ(x, t) =
∫
ei(ωt−kx)a(k, ω)d3kdω where a(k, ω) an-
nihilates the particle with momentum k and energy ω.
The second-quantised Hamiltonian is as before given by
H =
∫
d3xdtψ†(x, t)
1
2m
(
∇2 −
∂2
c2∂t2
)
ψ(x, t) (12)
and it can be computed to be:
H =
∫
~
2(ω2/c2 − k2)
2m
a†(k, ω)a(k, ω)d3kdω (13)
which represents a free field whose energy is ~2(ω2/c2 −
k2)/2m = mc2/2 and a†(k, ω)a(k, ω) is the number oper-
ator corresponding to that energy. Note that the integral
above includes both positive as well as negative ω, the lat-
ter being linked with the existence of anti-particles (as we
will see below). This Hamiltonian is not the same as the
conventional one,
∑
k ~ωka
†(k)a(k), because we are cre-
ating a particle in both k and ω and their relationship is
fixed through the particle’s rest mass.
Microcausality is ensured by the commutator
[Ψ(x, t; τ),Ψ†(x′, t′; τ ′)] which is equal to δ(x−x′)δ(t−t′)
for τ = τ ′. Integrating over d(τ − τ ′)eiµ(τ−τ
′) leads us
to [11]:
∆(x− x′, t− t′) =
∫
d3kdωδ(p2 − µ)ei(ω(t−t
′)−k(x−x′)) .
This expression is Lorentz invariant and it enforces the
mass shell constraint. The second quantisation can be
made to obey micro-causality just like any other standard
approach to quantum field theory [4]. This is only natural
4given that we can make a simple connection with the
standard quantum field theory. Namely, the field state
φ(x, t;µ) =
∫
d3kdωA(k, ω)ei(ωt−kx)δ(k2−ω2/c2+µ) can
be written as
φ(x, t;µ) =
∫
ω≥0
d3k
2ω(k)
a(k)ei(ωt−kx) + c∗(−k)e−i(ωt−kx)
(14)
by using a simple expression involving the delta function
and positive frequencies only. This is just the standard
quantum field theoretic decomposition in terms of the
particle annihilation and anti-particle creation operators
(c†) [7, 8].
We note that because the second quantized formulation
allows for states with many particles (even superpositions
of such states), it is hard to interpret τ as a proper time
of these individual particles. However, τ could still rep-
resent a world-line of a single observer who is describing
the dynamics of the quantum field. This is very much
in the spirit of the relativistic “block” universe picture
of dynamics, where the observer moves across a static
spacetime (where all the events are given once and for-
ever), each τ representing a different moment of “now”
for that observer.
This, of course, is not to suggest that observers have
any special status in quantum physics (any more than
they do in relativity). An observer could simply be an-
other quantum system [12], such as an atomic clock and
τ could be its proper time or, indeed, any other observ-
able that is easily accessible and suitable for the task.
It is also possible to have a superposition of observers,
just like in ordinary quantum physics, each with its own
proper time. Needless to say, a superposition of different
τs could always be phrased with respect to yet another
parameter σ and so on, an infinitum, much as in quan-
tum mechanics we can have an infinite chain of observers
whose observations are all consistent with each other.
The second quantization allows us to create and an-
nihilate particles, which presents us with an intriguing
opportunity to view the evolution of a quantum parti-
cle as a process of hopping between different points of
spacetime. Namely, at some value of the parameter τ
the particle is destroyed, while at the point τ + δτ it is
created. This seems a natural way to think about the
reparametrised quantum dynamics. To utilise this pic-
ture fully, one could add an interaction to our free field.
So far, spacetime is used only for parametrisation of
the dynamics (so that any conventional problem in quan-
tum mechanics could be addressed with this method),
however, we can make it play a more active role. This
is certainly warranted if we are to think of spacetime as
a physical entity in its own right. The question then is
how the spacetime couples to a moving particle (or to an
evolving quantum field). We warn the reader that what
follows is entirely speculative. To explore this possibility
we make the assumption that the state of the particle can
be localised at a discrete set of spacetime points (much as
electrons are localised close to atomic nuclei in a typical
crystal lattice). At present we will treat this spacetime
crystal as a background potential (i.e. classically) al-
though there is always a possibility to perform a fully
quantum treatment as one does with various phononic
models in the solid state (so that the particle can actu-
ally become entangled to spacetime - as in e.g. [13]). The
exploration of the fully quantised model will be left for
future work. At present, and for the sake of illustration,
let us assume that the bound particle states are given by
the (spacetime) Wannier functions of the form:
ψn(x, t) ∝ e
−
x−xn
σx e−
t−tn
σt , (15)
where (xn, tn) are the coordinates of the n-th site and σx
and σt are the dispersions in space and time respectively.
We proceed as one would in the solid state domain. The
second quantised tight-binding hopping amplitude (we
assume that only the nearest neighbour interaction is rel-
evant) is computed as:
J =
∫
ψ∗n(x, t)
(
∇2 −
∂2
c2∂t2
)
ψn+1(x, t)dxdt
=
~
2
2m
σ2τ
σ2xσ
2
t
e−
∆xσt−∆tσx
σxσt , (16)
where ∆x = xn − xn+1 and ∆t = tn − tn+1. The second
quantised Schro¨dinger equation is then given by:
J
∑
n
(bnb
†
n+1 + b
†
nbn+1)|Ψ(τ)〉 = i~
∂
∂τ
|Ψ(τ)〉 , (17)
where we have omitted the term with the onsite energy
(which could be assumed to be zero). The interpretation
of this equation is straightforward. It describes the hop-
ping between the n-th and n+1st spacetime sites, whose
strength is governed by J . The Hamiltonian can be ex-
actly diagonalised (see any standard solid-state textbook,
e.g. [14]) and we can proceed to define the effective mass
as one normally does for the tight-binding model. It
might be natural to assume that the spacetime discretisa-
tion is on the order of Planck scales. The main question
then, of course, is to investigate if our approach can lead
to novel predictions regarding any effect of this on parti-
cle dynamics.
Reformulating the concept of mode entanglement
within the “spacetime points–as–modes” picture also
seems like a worthwhile venture. If a single particle is
superposed across two such modes, then the state would
be written as |0〉x1t1 |1〉x2t2 + |1〉x1t1 |0〉x2t2 . When t1 = t2
and x1 6= x2 this state is the standard spatial mode sin-
gle particle entangled state. However, when t1 6= t2 and
x1 = x2, this state represents a purely temporally entan-
gled state (cf. [15]), i.e. a particle that exists at the same
spatial point but superposed across two times. A possi-
ble physical interpretation of this state is offered in [16],
5where it is show how to use the relativistic time dilation
to create a superposition of a younger and older version of
the same system (which in the second quantised notation
corresponds to the state |0〉x1t1 |1〉x1t2+ |1〉x1t1 |0〉x1t2 , i.e.
spacially the system is at the same point, but temporally
it is extended). Therefore, here the internal time of the
system is in a superposition with respect to another, call
it external time. This is another indication of the fact
that the labels t and τ are somewhat arbitrary, since the
proper time would in this example be t and τ would cor-
respond to the extrnal clock that is used to prepare the
requires temporal superposition.
The principle of reparametrisation invariance plays an
important role in a number of areas such as the con-
strained quantisation [17] as well as in String Theory
[18]. However, we would like to apply reparametrisation
to a problem with which it seems to be even more inti-
mately linked, namely the Page-Wootters [19] “timeless”
formulation of quantum physics. Our analysis points to
a simple way to make the Page-Wootters construction
compliant with relativity. To do so, we assume that the
state of the universe, which in our case will be a particle
and a clock, is given by
|Ψ〉 =
∑
τ
|ψ(x, t; τ)〉|τ〉 , (18)
where now the parameter τ plays the role of the “clock”
[20]. We furthermore postulate that this state is an eigen-
state of the total Hamiltonian (Hs+Hc)|Ψ〉 = q
2/2m|Ψ〉,
where Hs is the Klein-Gordon Hamiltonian of the system
and e−iHc∆τ |τ〉 = |τ +∆τ〉. Relative to the states of the
clock, the system now undergoes the evolution according
to the Klein-Gordon equation. We have used a discre-
tised parameter τ just as in our tight-binding model, but
this is done without any loss of generality since τ can be
made arbitrarily small. The Page-Wootters formulation
of relativistic dynamics is simply the integral version of
the reparametrised relativistic differential equations.
The physical interpretation of the clock is again not
crucial, but it could certainly represent an internal de-
gree of freedom of the particle that serves as a measurer
of the proper time. This reinforces the idea that dy-
namics could be seen as a consequence of the underlying
symmetries and once these symmetries are specified (in
the form of the relativistic spacetime correlations) the
dynamics follows (or, rather, dynamics is just another
way of expressing the same correlations that could alter-
natively also be parametrised in a “timeless” fashion).
Finally, in quantum field theory we normally assume
that field operators commute at spacelike separated
points. However, it could be that, because of the ex-
tended nature of the Wannier spacetime functions, the
operators that are centred at spacelike separated space-
time points, still have a non-zero overlap with one an-
other [21] (the overlap would depend on the ratio be-
tween στ and ∆τ , since if στ ≥ ∆τ then neighbouring
points would have a significant overlap). Even though
this scenario may still respect the fact that no singnal
can travel faster than the speed of light (in whichever in-
carnation this is to be understood), it may have to change
the way that we impose commutation relations on differ-
ent field components. A discretisation of this type may
help us deal with various infinities in quantum field the-
ory, though its physical origin would have to be under-
stood (see also [22]). This and related questions certainly
appear very much worth exploring in the future.
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